Abstract. A set of reproducing kernel Hilbert spaces are obtained on Hilbert spaces over quaternion slices with the aid of coherent states. It is proved that the so obtained set forms a measurable field of Hilbert spaces and their direct integral appears again as a reproducing kernel Hilbert space for a bigger Hilbert space over the whole quaternions. Hilbert spaces over quaternion slices are identified as representation spaces for a set of irreducible unitary group representations and their direct integral is shown to be a reducible representation for the Hilbert space over the whole quaternion field.
Introduction
The notion of direct integrals was introduced in 1949 by von Neumann in one of his papers in the series On ring of operators [21] , and later, the theory is customarily developed for direct integrals of Hilbert spaces and direct integrals of von Neumann algebras. In fact, direct integrals provides a natural way in the theory of decomposition of von Neumann algebras of operators and such decompositions play a natural role in mathematical physics problems [3, 22, 19, 14] . Direct integral theory was also used by Mackey in his analysis of systems of imprimitivity and in his general theory of induced representations [12] . Later, following the method of Mackey, in [6] , quantum mechanics in quaternionic Hilbert spaces was examined along the lines of quaternionic imprimitivity theorem. In the application point of view, to name a few, based on direct integrals a framework allowing to integrate a parameterized family of reproducing kernels with respect to some measure on the parameter space was developed in [11] and then it is applied to the so-called Mercer kernels, Kramer sampling, etc. Making use of the direct integral of Hilbert spaces of some nucleus, the approximate dynamical dependence of physical systems on the external parameters was examined in [5] .
In the complex theory, reproducing kernels and Hilbert spaces possessing such kernels are at the core of the theory of coherent states (CS). Whenever we have a family of CS, there is an associated reproducing kernel Hilbert space, and the basis ingredients in constructing such a space are either positive operator valued measures or measurable families of Hilbert spaces. A reproducing kernel, and an associated Hilbert space, can always be defined whenever we are given a positive-definite kernel on a measurable family of Hilbert spaces. The resulting reproducing kernel Hilbert space, while necessarily a space of functions, does not have to be an L 2 -space. The possibility of embedding it into an L 2 -type of space requires, in addition, the existence of a resolution of the identity type relation. For a detail argument along these lines one can consult [3] . Recently, in [10] , using the concept of measurable field of complex Hilbert spaces and their direct integrals it is proved that the formalism of generalized CS leads to a useful characterization of extremal positive operator valued measures.
The quaternion field, H can be divided into a family of quaternion slices along a projective plane P 2 (R) and each slice is isomorphic to the complex plane [9] . We consider left quaternion Hilbert space over each slice and thereby obtain a set of Hilbert spaces, A = V L n | n ∈ P 2 (R) . By following the general procedure outlined in [16] we obtain CS and thereby reproducing kernel and a reproducing kernel Hilbert space on each element of A. With the aid of the resolution of the identity we also embed each reproducing kernel Hilbert space to a slice-valued L 2 space and thereby identify orthonormal dense subset for each reproducing kernel Hilbert space. In doing so we attain a set of Bargmann type reproducing kernel Hilbert spaces, F = H n K | n ∈ P 2 (R) . In [17, 16] by applying the same procedure a Bargmann type reproducing kernel Hilbert space, H H K on a left quaternion Hilbert space V L H , which is a Hilbert space over the whole quaternion field H, was obtained. We shall prove that the set F forms a measurable field of Hilbert spaces. Further, the connection between the set F and the Hilbert space H H K appeared to be a direct integral over P 2 (R). It is well-known that the set of standard complex canonical CS is associated with an irreducible unitary group representation of the WeylHeisenberg group. But this is not the case for quaternions, in [2, 17] it is proved that an irreducible unitary group representation cannot be allied with the quaternion CS over the representation space V L H due to the noncommutativity of quaternions. However, in this article we shall show that the CS labeled by a quaternion slice, considered as vectors in the space V L n , can be associated to an irreducible unitary group representation of the Weyl-Heisenberg type. Further, we shall also demonstrate that the direct integral of the representations so obtained on the slices forms a decomposable operator, and which is a reducible representation for the representation space V L H .
The article is structured as follows. In section 2 we introduce some basic facts about quaternion slices, a particular fibration of R 4 and identify a measure on it to work with. In section 3 we study some direct integral Hilbert spaces. Section 4 is devoted to the construction of CS, reproducing kernels, reproducing kernel Hilbert spaces and their bases. In section 5 we prove that the set of reproducing kernel Hilbert spaces obtained in section 4 forms a measurable field of Hilbert spaces and also obtain their direct integral. Section 6 deals with group representations over quaternionic Hilbert spaces. Section 7 ends the manuscript with a conclusion.
Mathematical Preliminaries
2.1. Quaternions. Let H denote the field of quaternions. Its elements are of the form q = x 0 +x 1 i+x 2 j +x 3 k where x 0 , x 1 , x 2 and x 3 are real numbers, and i, j, k are imaginary units such that i 2 = j 2 = k 2 = −1, ij = −ji = k, jk = −kj = i and ki = −ik = j. The quaternionic conjugate of q is defined to be q = x 0 − x 1 i − x 2 j − x 3 k and |q| 2 === x 2 0 + x 2 1 + x 2 2 + x 2 3 defines a real norm on H.
2.2.
A particular fibration of R 4 and a coordinatization. We introduce a particular coordinatization of R 4 and an associated fibration, which will help us to understand better the geometry of the field of quaternions and the complex planes contained in it.
It is well-known that given a quaternion q, there exist x, y ∈ R, with y ≥ 0 and a unit imaginary quaternion n (i.e., with n 2 = −1) such that (2.1) q = x + ny, y ≥ 0, and moreover, the quantities x, y and n are uniquely determined [7, 9] . On the other hand, for a given n, the set of all quaternions of the type
can be identified with a complex plane, which we denote by C n . Next, the set of all unit imaginary quaternions is identifiable with the surface of the unit sphere, S 2 , in R 3 . If we identify antipodal points of this sphere, we get the projective plane P 2 (R), which consists of three disjoint sets: the surface of the hemisphere, without the boundary rim, which we denote by 1 2 S 2 , a semicircle, without the two endpoints, denoted 1 2 S 1 and a last single point (given by the identification of the endpoints of the semicircle), i.e.,
We shall continue to write n for points in this projective space. Clearly,
For any two distinct points n, n ′ ∈ P 2 (R),
Denote by H * the set of quaternions with non-zero imaginary parts (i.e., the set H with the real axis removed) and similarly let C * n be the set C n , with the real axis removed. Then clearly (2.3)
The set H * is open in the usual topology of R 4 and (2.3) is a fibration of this space over the base space P 2 (R) and having fibres C * n . (This fibration may be obtained by defining an equivalence relation on H * as follows: let q = x + ny, q ′ = x ′ + n ′ y ′ ∈ H * ; we say that q ∼ q ′ ⇔ n = ±n ′ ; it is then clear that P 2 (R) ≃ H * / ∼ .) The affine group G aff , with elements (b, a), b ∈ R, a = 0 and composition rule (b, a) (b ′ , a ′ ) = (b + ab ′ , aa ′ ), which acts freely and fibre-wise in the manner (b, a)[x + ny] = (ax + b) + nay, leaves each fibre invariant; in fact we may identify each fibre C * n with G aff . Thus, H * is a principal bundle with G aff as structure group.
While the above observations are fairly straightforward, it will be useful to see them in terms of a coordinatization of R 4 (by introducing some sort of cylindrical coordinates). Let x = (x 0 , x 1 , x 2 , x 3 ) ∈ R 4 and let us write, using polar coordinates,
The Lebesgue measure on R 4 in these coordinates is (2.5)
Introducing the unit vector, (2.6) n(θ 1 , φ) = (sin θ 1 cos φ, sin θ 1 sin φ, cos θ 1 ), the unit vector n 0 along the x 0 -axis and writing x = r cos θ 2 , y = r sin θ 2 , we may write for a point x in the "upper half" plane determined by n 0 and n(θ 1 , φ),
an equation which should be compared to (2.1). The above representation of a point in R 4 is a sort of cylindrical coordinatization. The vectors n(θ 1 , φ) for all θ 1 ∈ [0, π] and φ ∈ (0, 2π], constitute all the points of S 2 . If we restrict θ 1 to [0, π 2 ) we get the hemisphere 1 2 S 2 , without the boundary rim and further, if we let θ 2 run through [0, 2π), then y will run through (−∞, ∞). Thus, we have the alternative coordinatization for a point in R 4 , (2.8)
For each fixed n(θ 1 , φ), it is now possible to introduce a complex structure on the set of vectors (2.8) (with x, y ∈ R), by identifying n 0 with a real axis and n(θ 1 , φ) with a complex axis. This reflects the analogous realization of the quaternions H in terms of complex planes, as in (2.2). Thus, from this point of view, the field of quaternions is simply R 4 , equipped with this (fibre-wise) complex structure and the imaginary unit quaternion n is the quaternionic version of the unit vector n(θ 1 , φ). The Lebesgue measure (2.5) in terms of these variables becomes
The points which are left out in this coordinate patch form a set of Lebesgue measure zero.
Remark 2.1. C n ⊂ H is commutative. However, elements from two different quaternion slices, C n and C n ′ (for n, n ′ ∈ P 2 (R) with n = n ′ ) do not necessarily commute.
Quaternion Hilbert spaces.
For the sake of completeness and to gather the necessary properties, we define left quaternionic Hilbert spaces V L H , V L n and the left quaternionic Hilbert space of square integrable functions, L 2 H (X, µ). For further details we refer the reader to [1, 7, 16, 20] .
H together with ·|· is a separable Hilbert space.
2.3.2.
The Hilbert space V L n : Let V L n be a vector space under left multiplication by quaternion scalars from C n . For f, g, h ∈ V L n and q ∈ C n , the inner product
We assume that V L n together with ·|· is a separable Hilbert space. For any f, g ∈ V L n , the inner product f |g ∈ H. Thereby f |g not necessarily commute with the elements of C n . This feature alone can differentiate V L n from a complex Hilbert space. Remark 2.2. As of Remark (2.1), the space C n is commutative. In this regard, if we define the inner product on
n the inner product f |g commutes with all the elements of C n , and thereby the space V L n will behave like a complex Hilbert space.
Let (X, µ) be a measure space and H the field of quaternions, then
is a left quaternion Hilbert space, with the (left) scalar product
where g(x) is the quaternion conjugate of g(x) and left scalar multiplication af , a ∈ H, with (af )(q) = af (q). (See [20] for details).
We shall also need the definition of regularity in the sequel.
Definition 2.3. (Slice-regular functions [7] ) Let Ω ⊆ H and a real differentiable (i.e., with respect to x i , i = 0, 1, 2, 3) function f : Ω −→ H is said to be slice left regular if, for every quaternion n ∈ P 2 (R), the restriction of f to C n , has continuous partial derivatives (with respect to x and y, every element in C n is being uniquely expressible as x + ny) and satisfies (2.10)
Similarly, it is said to be slice right regular if
The anti-regularity can be defined in a similar way.
Remark 2.4. In view of the above definition, in partcular, a function f : H −→ H is said to be regular or anti-regular if, for each n ∈ P 2 (R) the restriction of f to C n , f | Cn is regular or anti-regular respectively.
We shall also need the following theorem in the sequel. Following the proof, line by line, of complex Hilbert spaces (for a proof in the complex case see [18] , page 63) it can be proved for the quaternion Hilbert spaces as well.
Theorem 2.5. For an orthonormal sequence {u n } in a left quaternion Hilbert space H (i) if f ∈ H, u n |f = 0, ∀n ⇔ f = 0, then {u n } is said to be dense or complete in H.
Other equivalent ways of charecterizing completenes for orthonormal sets are:
f |u n u n |g .
Some direct integral Hilbert spaces
Using the above fibration and splitting of the Lebesgue measure, we have the direct integral representation of the complex Hilbert space,
where, for each (θ, φ), H θ,φ is a copy of the Hilbert space L 2 C (R 2 , |y| x 2 + y 2 dx dy), which is essentially a Hilbert space of functions on the fibre determined by n(θ, φ). Here, it ought to be noted that the real axis is a set of measure zero (for the measure |y| x 2 + y 2 dx dy). If we equip R 2 with a complex structure, we may also write,
It is now clear, that if we equip R 4 , with the structure of quaternions, and consider the Hilbert space L 2 C (H, dx 0 dx 1 dx 2 dx 3 ), then it too has exactly the same direct integral decomposition as (3.1).
Going a step further, it is not hard to see that if we consider the (left, or right) quaternionic Hilbert space
where now H θ,φ is a copy of the (left or right) quaternionic Hilbert space L 2 H (C, |z Imz| dz∧dz 2i ) of functions f : C −→ H, which again may be considered to be a Hilbert space of quaternion valued functions on the fibre determined by n(θ, φ).
In the next section we look at other direct integral decompositions of quaternionic Hilbert spaces and see how they are naturally related to families of coherent states.
Some families of quaternionic nonlinear coherent states
Suppose that we equip each complex plane C n in (2.2) with a measure dν(z, z), for which the real axis constitutes a set of zero measure. For each n(θ, φ) (corresponding to the imaginary unit quaternion n), we define the quaternionic Hilbert space H θ,φ = L 2 H (C, dν(z, z)). Then, we again have a direct integral decomposition
In order to build an interesting family of quaternionic coherent states, we shall look at cases where the Hilbert space L 2 H (H, dν(z, z) dΩ(θ, φ)) contains subspaces of (right or left) regular functions (of a specific type).
Writing z = re iϑ , let the measure dν be of the form
where the measure dµ is assumed to have moments of all orders:
We normalize this measure so that µ 0 = 1. Next, defining the sequence of positive numbers,
we assume that the series
. . x n = µ n , converges for 0 < r < l, where l could be finite or infinite. In the physical literature, in order to ensure the self-adjointness of some associated operators it is assumed that the sum
√ xn diverges and dµ has support in (0, l) [4] . Assume now that H = L 2 H (H, dν(z, z) dΩ(θ, φ)) is a left quaternionic Hilbert space, with scalar product
In this space the vectors,
form an orthonormal set:
The restrictions of these functions to C n :
The vectors Φ n (q) span a subspace of H, consisting of (right slice-) regular functions, which we denote by H reg . The fact that this is a proper subspace of regular functions can be proved by using the decomposition of a regular function into two holomorphic functions on each slice C n [16] . Similarly, the restricted functions, φ n (z), on each slice C n generate a (proper) subspace of H θ,φ , consisiting of analytic functions in the variable z = x + ny. Denoting this subspace by H reg θ,φ , we have the decomposition
Let {f n } ∞ n=0 be an orthonormal basis of V L H . We define a family of quaternionic nonlinear coherent states, η q ∈ V L H , q ∈ H, as (4.8)
It is easy to check that these vectors are normalized, η q 2 = 1 and satisfy a resolution of the identity, in the sense that for any two vectors Ψ 1 , Ψ 2 ∈ V L H , the relation
holds, which we then write as the operator integral:
If we restrict the functions Φ n (q) to the slice C n , we get the vectors in V L n (4.10)
where {g n } is an orthonormal basis of V L n . They have the normalization 2π η z 2 V L n = 1 and satisfy the resolution of the identity (4.11) 2π
The coherent states in (4.10) look exactly like the nonlinear coherent states of quantum physics, except that they are now elements of a quaternionic Hilbert space.
Remark 4.1. One can also consider V L H = H reg then the orthonormal basis {f n } in the CS (4.8) should be {Φ n }. In this case, the space V L n = H reg θ,φ and g n in the CS (4.10) will be the restricted vector g n = Φ n | n = φ n . 4.1. Reproducing Kernels. From the general construction (see the appendix), the map
2 f |η q is a linear isometry onto a closed subspace
H (H, dν(z, z)dΩ(θ, φ)) and the space H H K is a reproducing kernel Hilbert space with reproducing kernel (4.13)
and the kernel satisfies the following properties.
(a) hermiticity, K(q 1 , q 2 ) = K(q 2 , q 1 ) for all q 1 , q 2 ∈ H;
Further (4.14)
is a space of right regular functions. Further, from equation (4.14), the set (4.15)
Reproducing kernels on V L n . Now let us define the sequence of functions
The functions U m satisfy
Therefore, from the general construction (see the appendix), the function dν(z, z) ). By contruction W n is a linear isometry onto the closed subspace H n K and it is a reproducing kernel Hilbert space. Further 
Remark 4.2. We shall need the following facts about P 2 (R) in the following section. P 2 (R) is a locally compact set with the integral measure dΩ(θ, φ) = sin θdφdθ. Further 
Measurable field and Direct integral
In this section we prove that the bundle of reproducing kernel Hilbert spaces obtained in the above section forms a measurable field of Hilbert spaces and their direct integral is isomorphic to the reproducing kernel Hilbert space H H K . In order to do so we acquire the following background materials from [3, 15] .
5.1. Background Theory. Let Y be any locally compact space, equipped with a Borel measure. Suppose that, for each y ∈ Y , we associate a Hilbert space K y . Let · | · y and · y denote the inner product and norm, respectively, in K y . Here, we have to make an assumption that the Cartesian product y∈Y K y has a natural vector space structure. and define on it the scalar product
It can be shown that H is complete in the norm (5.1) and hence , equipped with the scalar product (5.2), it becomes a Hilbert space. We call H the direct integral of Hilbert spaces {K y | y ∈ Y } and write
Note: The definition of the product space is
5.2.
Measurable field of reproducing kernel Hilbert spaces. We know that P 2 (R) is locally compact and dΩ(θ, φ) = sin θdφdθ is a measure on it. For each n ∈ P 2 (R), H n K is a Hilbert space. So in the following we adapt Y = P 2 (R). Let
In the following proposition we prove that
Now h = k implies that h| n = k| n , for all n ∈ P 2 (R). Thus
So the uniqueness property follows, and the closure property follows clearly. ϕ is linear: It follows trivially. ϕ is injective:
and so h| n = k| n , for all n ∈ P 2 (R).
That is, h(z) = k(z), for all z ∈ C n and for all n ∈ P 2 (R).
Since we have H =
Thus h = k and ϕ is injective. ϕ is surjective: It follows clearly from the definition of ϕ.
Hence ϕ is an isomorphism and the result follows.
The Hilbert space H H K and H K are in fact isometrically isomorphic. In the following proposition we validate this claim.
Proposition 5.5. The Hilbert space H H K is isometrically isomorphic to H K up to a constant.
Proof. H H
K is isomorphic to H K has been done in the proposition (5.4). Now recall the isomorphism
What is left to show is that ϕ is an isometry. For, let h, k ∈ H H K , then there exist {α m }, {β m } ⊂ H (note that they do not depend on n ∈ P 2 (R)) such that
and so
where Φ m and U m are as in (4.14) and (4.16) respectively. Now
The conclusion follows.
Proof. In view of Remark(2.4), it is straightforward.
as in equation (4.20) . Then clearly
and thereby
Proposition 5.7. For each m and n the quaternion valued function n −→ Ψ m (n)|Ψ n (n) n is ν-measurable.
Proof. For each m and n, we have
Therefore n −→ Ψ m (n)|Ψ n (n) n is a constant function, thereby it is ν-measurable.
Proposition 5.8. For each n ∈ P 2 (R), the sequence of vectors {Ψ n (n)} ∞ n=0 is total in H n K Proof. It follows from Equation (4.20).
The above two propositions assist Lemma (5.2), thereby H n K | n ∈ P 2 (R) is a measurable field of Hilbert spaces and
is a ν-measurable field of vectors.
Since h ∈ H H K , there exists {α n } ⊂ H (they do not depend on n ∈ P 2 (R)) such that
α n Φ n and so for each n ∈ P 2 (R),
Hence U m |Ψ(n) n = α m and α m is a constant with respect to n ∈ P 2 (R). Thereby, n −→ U m |Ψ(n) n is a constant function and so it is ν-measurable. Therefore, Ψ ∈ M K and conclusion follows. 
Thereby, Φ(n) 2 n < ∞ for all n ∈ P 2 (R), and since P 2 (R) is compact, we have
Conversly, since dΩ is a positive measure and P 2 (R) is a set of finite measure, if equation z) ), in addition, if Φ ∈ M K , then Φ(n) must be a right-regular function. Therefore Φ(n) ∈ H n K , for all n ∈ P 2 (R). Hence Φ ∈ H K , which completes the proof.
From the above arguments, now, one can write
Group representations
In this section we shall obtain a set of irreducible unitary group representations on the representation space V L n , n ∈ P 2 (R) and show that their direct integral becomes a reducible representation of the bigger space V L H . For the standard complex harmonic oscillator canonical CS (6.1)
we have the annihilation and creation operators as a|n = √ n|n − 1 and a † |n = √ n + 1|n + 1 respectively. In this case we also have a|z = z|z . Further using the Baker-Campbell-Hausdorff identity, e A+B = e 
H be a quaternion linear operator. In this case, the operators always act from the left as O|f and the scalar multiple of the operator is taken from the left as qO. Note that the quaternion scalar multiples of an operator do not obey several properties of their complex counterpart [13] . Further the operators obey the following rules:
(i) O|qf = q(O|f ).
(ii) (qO)|f = O|qf . For a detail explanation we refer the reader to [1] . Note that for q ∈ H, in general (qO) † = qO † . However, for q ∈ C n and O : V L n −→ V L n we have (qO) † = qO † . For details see [13] .
be an orthonormal basis of V L H . Define the annihilation, creation and number operators,
Further, for the states in (4.8), in [17] , we showed that a L η q = qη q and
However, we also proved in [17] that the operator in (6.3) cannot be identified as a group representation of the representation space V L H (see also [2] for the same result in a different view).
be an orthonormal basis of V L n . Define the left-annihilation, left-creation and left-number operators,
One can easily see that a † n is the adjoint of a n and N n = a † n a n . Further, for q ∈ C n , for the states
as in [17] , we can show that a n γ q = qγ q and (6.5)
Here, not as in the case of the Hilbert space V L H , we shall show that the operator in (6.5) is a unitary operator and it arises from a unitary irreducible representation of the Weyl-Heisenberg group.
The operators a n , a Therefore D(q) is a unitary representation up to a phase factor.
The irreducibility follows as in the complex case. Hence, D(q) is a unitary irreducible representation of the representation space V L n .
In the following we shall employ a transformation to transfer the operator, D(q) and CS, γ q from V L n to V L n ′ . In order to enhance the distinquishability let us rewrite the CS γ q as follows: The decomposable operator D(q) is a reducible representation of the representation space V L H and it acts on the CS, η q as D(q)η q = D(q)f 0 | n for q ∈ C n ; n ∈ P 2 (R).
It should be noted that the operator D(q) is different from the operator in equation (6.5).
Conclusion
Using the CS constructed on a set of quaternionic Hilbert spaces we have obtained a measurable field of reproducing kernel Hilbert spaces and their direct integral. However, there is a converse approach, whenever we are given a measurable family of Hilbert spaces and a positive definite-kernel on it one can obtain a reproducing kernel and an associated Hilbert space and thereby a set of CS [3] . Further, the theory of positive operator valued functions (POVs) and positive operator valued measures (POVMs) are allied with a measurable family of Hilbert spaces [10, 3] . In fact, in complex quantum mechanics normalized POVMs are identified with quantum observables. In [10] , starting with a measurable field of Hilbert spaces the authors obtained extremal POVMs and in physical point of view extremal observables describe quantum measurements that are free from any classical randomness. In this regard, in the quaternion quantum mechanics, the converse approach and the role of POVs and POVMs, along the lines of [10, 3] , are yet to be seen.
